Bat dang th tfc Schur vA phi/Ong phAp doi 

BIEN P,Q,R 

Vo Thanh Van 

Ldp 11 Toan-Khoi chuyen THPT-DHKH Hul 


Nhu cac ban da biet, bat dang thirc Schur la mot bat dang thuc manh va co nhieu ring dung, tuy nhien no van 
con kha xa la vdi nhieu ban hoc sinh THCS cung nhu THPT. Qua bai viet nay, toi muon cung cap them cho 
cac ban mot ki thuat de sir dung tot BDT Schur, do la ket hop vdi phuong phap doi bien p, q, r. 

Trade het, toi xin nhac lai ve bat dang thirc Schur va phuong phap doi bien p, q, r. 

1 Bat dang thufc Schur 

Dinh ly 1 (Bat dang thirc Schur) Vai moi so thuc khong dm a, b, c, k. ta luon co 

a k (a - b){a - c) + b k (b - c){b - a) + c k (c - o)(c - b) > 0. 

Hai tradng hop quen thuoc duoc sir dung nhilu la k = 1 va k = 2 

a(a — b)(a — c) + b(b — c)(b — a) + c(c — a)(c— b) > 0 (i) 

a 2 (a - b)(a- c) + b 2 (b - c)(b - a) + c 2 (c - a)(c - b) > 0 (ii) 


2 Phifdng phap doi bien p, q, r 


Doi vdi mot so bai bat dang thirc thuan nhat doi ximg co cac bien khong am thi ta co the doi bien lai nhu sau 
Bat p = a + b + c,q = ab + bc + ca,r = abc. Va ta thu duoc mot so dang thirc sau 


ab(a + b) + bc{b + c) + ca(c + a ) 
(a + b)(b + c) (c + a) 
ab(a 2 + b 2 ) + bcW + c 2 ) + ca(c 2 + a 2 ) 
(a + 6)(a + c) + (b + c)(b + a) + (c+ a)(c + b) 
a 2 + b 2 + c 2 
a 3 + b 3 + c 3 
a 4 + 6 4 + c 4 
a 2 b 2 + b 2 c 2 + c 2 a 2 
a 3 b 3 + b 3 c 3 + c 3 a 3 
a 4 b 4 + 6 4 c 4 + c 4 a 4 


pq — 3 r 
pq-r 

p 2 q — 2 q 2 — pr 

p 2 + q 

p 2 -2q 

p 3 — 3 pq + 3r 

p 4 — Ap 2 q + 2 q 2 + Apr 

q 2 — 2 pr 

q 3 — 3pqr + 3 r 2 

q 4 - Apq 2 r + 2p 2 r 2 + 4gr 2 


Dat L = p 2 q 2 + 18 pqr - 27r 2 - Aq 3 - Ap 3 r, khi do 
a 2 b + b 2 c + c 2 a 
i a ~ b)(b — c)(c — a) 


pq — 3rAz sfh 
2 



3 CAC VI DU MINH HQ A 


Co the thay ngay lgi ich cua phuong phap nay la moi rang buoc giua cac bien p. q, r ma cac bien a, 6, c ban 
dau khong co nhu 



P 2 

> 

3 q 


P 3 

> 

27 r 


Q 2 

> 

Apr 


pq 

> 

9 r 

2 P 

3 + 9 r 

> 

7pq 

p 2 q 

+ 3pr 

> 

4 q 2 

p 4 + 4g 2 

+ 6 pr 

> 

5 P 2 q 


Nhung ket qua tren day chac chan la chua du, cac ban co the phat trien them nhieu dang thuc, bat dang thuc 
ben he giua 3 bien p, q, r. Va dieu quan trong ma toi muon noi den la tir bat dang thuc (i) va (ii), ta co 


p(4g-p 2 ) 

9 


(tir (i)) 


Tuy nhien trong mot so trudng hop thi co the cac dai luong 4 q — p 2 co the nhan gia tri am lan gia tri duong 
nen ta thucmg sir dung 


. (4g -P 2 )(p 2 ~q) \ 


Co le den day cac ban da hieu duoc phan nao ve bat dang thuc Schur va phuong phap doi bien p, q, r. Sau day 
la mot so vi du minh hoa, nhung truoc het, cac ban hay tap lam thir roi xem dap an sau 


3 Cac vf du minh hoa 

3.1 Bat dang thtfc Schur 

VI du 1 Cho cac so duong a, b, c. Chung minh rang 


(a + fr ) 3 


(bA 


8ab(4a + 46 + c) y 86c(46 + 4 c + a) y 8ca(4c + 4a + 6) 


(c + a) 3 


(a + 6) 3 


8a6(4a + 46 + c) y 86c(46 + 4c + 


(6 + c) 3 


(c + a) 3 

8ca(4c + 4a + 6) 


Q = 8a6(4a + 46 + c) + 86c(46 + 4c + a) + 8ca(4c + 4a + 6) 
= 32(a + b+c)(ab + bc +ca) — 72abc 

Ap dung bat dang thuc Holder, ta co 

P 2 • Q > 8(a + 6 + c) 3 
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3.1 Bat d&ng thifc Schur 


3 CAC VI DU MINH HO A 


Ta can chimg minh 

8(a + 6 + c) 3 > Q 

<=>■ 8(a + b + c) 3 > 32(a + b + c)(ab + bc + ca) — 72 abc 
<*=> (a + b + c) 3 > 4 (a + b + c)(ab + be + ca ) — 9 abc (dung theo bat dang thuc Schur). 

Vay ta co dpem. □ 

Vi du 2 Cho ede so duong a , b, c. Chung minh rang 

{a 2 + 2)(6 2 + 2)(c 2 + 2) > 9 (ab + be + ca). 

(APMO 2004) 

L6l GIAI. Khai trien bat dang thuc tren, ta can chung minh 

a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + (?a 2 ) + 4 (a 2 + b 2 + c 2 ) + 8 > 9 (ab + bc+ ca) 


Ta co 


a 2 + b 2 + c 2 > ab +be + ca 
(a 2 b 2 + 1) + (b 2 c 2 + 1) + (c 2 a 2 + 1) > 2 (ab + bc+ ca) 


a 2 b 2 c 2 + l + l 


9 abc 

a + b + c 


> 4 (ab + bc + ca) — (a + b + c) 2 (theo bat dang thuc Schur) 
Ap dung cac bat dang thuc tren, ta co 

( a 2 b 2 c 2 + 2) + 2 (a 2 b 2 + b 2 c 2 + (?a 2 + 3) + 4(a 2 +b 2 + c 2 ) 

> 2 (ab + bc + ca) + A(ab + be + ca) + 3(a 2 +b 2 + c 2 ) 

> 9 (ab + bc+ ca). 

Bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


□ 


Vi du 3 Cho cac so duang a, b, c. Chung minh rang 

2(a 2 + b 2 + c 2 ) + abc + 8 > 5(u + b + c). 


(Tran Nam Dung) 


Lcti GiAi. Sir dung bat dang thuc AM-GM, ta co 

6 VT = 12(a 2 +b 2 + c 2 ) + 3(2abc + 1) + 45 — 5 • 2 ■ 3(a + b + c) 
> 12(a 2 +b 2 + (?) + 9\Za 2 b 2 c 2 + 45-5 [(a + b + c) 2 + 9] 


Mat khac, sir dung bat dang thuc Schur, 
9 


> 4 (ab + bc + ca) — (a + b + c) 2 = 2 (ab + bc+ ca) — ( a 2 + b 2 + (?) 


©Vo Thanh VAN 







3.1 Bat dang thifc Schur 


3 CAC VI DU MINH HO A 


Do do 

7(a 2 + b 2 + c 2 ) H--10(a& + be + ca) 

K ' a+b+c v ’ 

> 7(a 2 +b 2 + c 2 ) + 6 (ab + bc+ ca) — 3(a 2 + b 2 + c 2 ) - 10(a& + be + ca) 

= 4(a 2 + b 2 + c 2 — ab — be — ca) > 0. 

Bat dang there duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. □ 

Vi du 4 Cho cac so khong am a, b, c, khong co 2 so nao dong thdi bang 0. Chung minh rang 

a b c 18 

b 3 + c 3 a 3 + c 3 a 3 + b 3 ~ 5(a 2 +b 2 + (?) — ab — be — ca 

(Michael Rozenberg) 

Lch giai. Bat dang there can cherng minh tuong duong voi 

^a(a + b+ c) 18(a + b + c) 

b 3 + c 3 ~ 5 (a 2 + b 2 + c 2 ) — ab — be — ca 

E a 2 a 18(a + b + c) 

b 3 + c 3 b 2 + c 2 — be ~ 5 (a 2 + b 2 + c 2 ) — ab — be — ca 

eye eye 

Ap dung bat dang there Cauchy-Schwarz, ta co 

^ a 2 (a 2 + b 2 + c 2 ) 2 
" b 3 + c 3 ~ ^ a2 (^ 3 + c3 ) 

cyc eye 

\' a > (a + b + c) 2 
•“ b 2 + c 2 — be ~ |>(& 2 + c 2 - be) 

Ta can cherng minh 

(a 2 + b 2 + c 2 ) 2 (a + b + c) 2 18(a + b + c) 

X)a 2 (6 3 + c 3 ) £a(6 2 + c 2 — be) ~ 5(a 2 +b 2 +c 2 ) — ab — be — ca 


Gia sir a + b + c = 1 va dat ab + be + ca = q, abc = r => r > max jo, , C*t c hung minh 

(1-2 q) 2 1 > 18 

q 2 — (q + 2 )r q — 6r — 5 — 11 q 

Bat dang there cuoi de dang chung minh bang each xet 2 truong hop 1 > 4q va Aq > 1. 

Dang there xay ra khi a = b = c hoac a = b, c = 0 hoac cac hoan vi tuong ring. □ 

Vi du 5 Cho cac so duang a, b, c thoa man a 4 + b 4 + c 4 = 3. Chung minh rang 

1 1 1 

.-,• + .-,—h .- A 1. 

4 — ab 4 — be 4 — ca 


(Moldova TST 2005) 
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3.1 Bat dang thifc Schur 


3 CAC VI DU MINH HO A 


LCJl GIAI. Quy dong mau so roi khai trien, ta can chung minh 

49 — 8 {ab + bc +ca) + (a+ b + c)abc < 64 — 16(a6 + be + ca ) + 4(a + b + c)abc — a 2 b 2 c 2 
16 + 3(a + b + c)abc > a 2 b 2 c 2 + 8 (ab + bc+ ca) 

Ap dung bat dang thuc Schur va gia thiet a 4 + b 4 + c 4 = 3, ta co 

(a 3 + b 3 + c 3 + 3 abc){a + b + c) > [ab{a + b) + bc(b + c) + ca(c + a)] (a + b + c) 

■4^- 3 + 3abc(a + b + c) > {ab + be) 2 + {be + ca) 2 + {ca + ab) 2 
Ap dung bat dang thuc AM-GM, ta co 





Vay ta co dpem. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 6 Cho cac so khong am a, b, c thoa man ab + bc + ca = 3. Chung minh rang 


□ 


a 3 + b 3 + c 3 + 7 abc > 10. 


(Vasile Cirtoaje) 


Ap dung bat dang thuc Schur, ta co 



Ta can chung minh 


P 


9 p + lOr > 10 


N8u p > 2^3 thi ta co 


p 3 — 9p+ lOr — 10 > p 3 — 9p — 10 > 12p — 9p — 10 = 3p — 10 > 0 


Neu p < 2\/3 < 4 thi 


p 3 — 9p + lOr — 10 > p 3 — 9p + ^p{12 — p 2 ) — 10 = p — 3)[(16 — p 2 ) + 3(4 — p) + 2] > 0. 


Vay ta co dpem. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 7 Cho cac so duang a, b, c thoa man a + b + c= 3. Chung minh rang 



(Vo Thanh Van) 


©Vo Thanh Van 






3.1 Bat dang thifc Schur 


3 CAC VI DU MINH HO A 


L6i giai. Doi bien theo p. q, r, bat dang thuc can chimg minh dirge viet lai nhu sau 
3r + 12 > 5 q 

Mat khac,theo bat dang thirc Schur, ta co 


Ta can chung minh 

4q — 9 + 12 > 5q 
O q < 3 (dung). 

Vay ta co dpem. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 8 Cho a, b, c la cac so thuc duomg thoa man a 2 + b 2 + c 2 = 3. Chung minh rang 


1 . 1 . L>3 

S- a + 2 — b + 2 - c — ■ 


Quy dong, nit gon va doi bien theo p, q. r, bat dang thuc can chung minh tuong duong v 
8p + 3r > 12 + 5 q 

Ap dung bat dang thuc Schur, ta co 

3 > P(4g - p 2 ) = P(2g - 3) 

3 3 

Tu gia thiet 

p 2 -2q = 3 
p 2 - 3 

Thay 2 dieu tren vao bat dang thuc can chung minh, ta co 


(Pham Kim Hung) 


p(p 2 — 6) 5(p 2 — 3) 

8 p + 3 —> 12 + 2 —i 

<=>■ (2p — 3)(p — 3) 2 > 0 

Bat dang thuc cuoi dung nen ta co dpem. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Vi du 9 Cho cac so khong am a, b, c thoa man a + b + c = 3. Chung minh rang 


1 


1 


1 


9 — ab 9 — be 


(Crux mathematicorum) 

Lch giai. Bai nay da dugc anh Hung sir dung cho phan bat dang thuc Chebyshev trong cuon "Sang tao bat 
dang thirc". Bay gia cac ban se dugc thay mot loi giai khac vai bat dang thirc Schur va phuong phap doi bien 
p, q, r rat tu nhien. 

Bien doi bat dang thirc can chung minh va chuyen ve dang p. q, r, ta co 

8(243 - 18p + 3r) < 3(729 - 81g + 27 r - r 2 ) 
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3.2 PhitOng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


<£> 243 — 99 q + 57 r — 3 r 2 > 0 

Theo bat dang thuc AM-GM thi 

3 = 3 ( a + 3 + C ) — 3(abc) 2 = r 2 

Theo bat dang thuc Schur, ta co 

> p(4g - p 2 ) _ 4g-9 
V ~ 3 3 

=*• 57r > 19(4g - 9) 

Nen ta can chung minh 

72 - 23q - 3r 2 > 0 
3(1 - r 2 ) + 23(3 - q) > 0 (dung). 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. □ 


3.2 Phtfdng phap doi biin p,q,r 

Vi du 10 Cho cac so khong am a , b, c thoa man a + b + c = 3. Chung minh rang 
a 2 b b 2 c <?a < ^ 

4 — be 4 — ca 4 — ab ~ 


LCJl GlAl. Quy dong mau so roi khai trien, ta can chung minh 


4 


-E«?**E 


aVc 
A — be 


Sit dung bat dang thuc quen thuoc 4 — > abc, ta can chung minh 


(Pham Kim Hung) 


^4 — be 
ab 


abc > - 

- '4 

eye 

&l> Vt , 

"4 — be 

^ 64 — 32^06 + 8 ^^a 2 bc + 4^a 2 6 2 > abc ( ^a 2 6 + abc j 

eye eye eye \ eye ) 


Tiep tuc sir dung bat dang thuc tren,ta can chung minh 

64 — 32'y^ab + 8'y^a 2 bc + 4 s y^a 2 b 2 > Aabc 


o 16 — 8q + q 2 — r > 0 

voi q = ab + bc + ca,r = abc. 

Ap dung bat dang thuc AM-GM, ta co q 2 > 9 r nen can chung minh 

2 Q 2 

16 — 8q + q 2 — y > 0 
{q-3)(q- 6) > 0. 

Bat dang thuc cuoi hien nhien dung nen ta co dpem. 

Dang thuc xay ra khi va chi khi a = b = c = 1 hoac a = 2,6=l,c = 0 hoac cac hoan vi tuong ung. 


□ 
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3.2 PhitOng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


Vi du 11 Cho cac so during a, b, c. Chung minh rang 

1 1 1 3o 36 3c 

a+b+c~ a 2 + 2 be b 2 + 2ca c 2 + 2 ab ’ 

Bat a := A,6 := |, c := bat dang thuc can chung minh tuong duong vdi 

V 'a > 3 abeS'' ^ 

~ j^2a 2 + bc 

^ 2 a 2 + be 

eye 

Ap dung bat dang thuc Cauchy-Schwarz, ta co 

(x> ! 


E 


Ben day, ta can chung minh 


2a 2 + be 2J2a 3 + 3 abc 


3 (e® 2 j ^ (E a ) ( 2 E® 3 + 3a6c j 


Gia su a + b + c = 1, chuyen ve dang p, q, r, bat dang thuc trb thanh 
3(1 - 2 qf > 2 - 6q + 9r 
Sit dung bat dang thuc q 2 > 3r, ta can chung minh 

3(1 - 2 qf > 2 - 6q + 3q 2 
<£> 3 - 12 q + 12 q 2 >2-6q + 3q‘ 2 
(1 - 3 q) 2 > 0 (dung). 

Vay ta co dpem. Bang thuc xay ra khi va chi khi a = b = c. 

Vi du 12 Cho cac so khong dm a, b, c. Chung minh rang 

a\b + c) + b 4 (c + a) + c\a + b) < -^(a + b + c) 5 . 

Lch giAi. Chuan hoa cho p = 1, bat dang thuc tret thanh 

(1 - 3q)q + (5q - l)r < Z 


(Duemg Due Lam) 


(Vasile Cirtoaje) 


Ben day ta sit dung mot thu thuat khi dung bat dang thuc Schur, do la chia trudng hop de giai quyet 
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3.2 Phvtctng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


Neu q < | thi ta co 

(1 - 3q)q+ (5g - l)r < (1 - 3 q)q = |(1 - 3q) • 3q < ~ ^- 3 g + 3 ^ 2 = ^ 

Niu g > |, ta co 

(1 - 3q)q + (5q - 1 )r < (1 - 3 q)q + (5g - 1) • | = ,^(-88g 2 + 32q - 3) + ~ 

Vay bat dang thuc duoc chung minh. 

Dang thuc xay ra khi a = 0, b = 3+ 6 v ^ , c = 3 ~ 6 v/3 va cac hoan vi □ 

Vdi ki thuat xet trudng hop de giai, chung ta co the de dang giai quyet cac bai toan sau 

Bai toan 1 Cho cac so khong dm a, b, c thoa man a + b + c = 1. Chung minh rang 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < 

Hu'CJNG DAN. Nhan vao roi rut gon, chuyen bat dang thuc ve dang p, q, r, ta can chung minh 
q 2 -2q 3 -r(2 + r-4q)<^ 

Den day chung ta xet 2 trudng hop q < | va q> □ 

Bai toan 2 Cho cac so duxmg a, b, c thoa man abc = 1. Chung minh rang 

a b c 3 

a 2 +3 + b 2 + 3 + c 2 + 3 “ 4' 

(Duong Dire Lam) 


Hu'C)NG dan. Dua bat dang thuc ve mot ham theo p 

f(p ) = 27 p 2 - (54 + 12 q)p + 9 q 2 - 58 q + 120 > 0 

Den day chung ta chia thanh 2 trudng hop 18<y > 58 + 12p va 18<y < 58 + 12p □ 

Vi du 13 Cho cac so khong dm a, b, c thoa man a 2 + b 2 +c 2 = 8. Chung minh rang 
4(a + b + c — 4) < abc. 


(Nguyen Phi Hung) 

LGi giai. Theo gia thiet, ta co p 2 — 2q = 8. Mat khac, theo bat dang thuc Schur bac 4, ta co 
(4 q-p 2 )(p 2 ~q) _ (p 2 ~ 16)(p 2 + 8) 

6 p 12 p 


Vi vay, ta can chung minh 


(p 2 — 16) (p 2 ■ 


12p 

,, (p-4) 2 (p 2 +p-8) , 

^ 12p 

Dang thuc xay ra khi va chi khi a = b = 2,c = 0 hoac cac hoan vi tuong ung. 


- > 4(p — 4) 

- > 0 (dung). 


□ 
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3.2 PhitOng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


Vi du 14 Cho cac so ducmg a, b, c thoa man a + b + c = 1. Chung minh rang 

Va 2 + abc s/V 2 + abc s/c 2 + abc < 1 

b + ca c + ab a-\-bc 2\/ abc 

Lcti giAi. Doi bien thanh p, q, r, ta co bo de 

< g 2 (l ~g) 

“ 2(2 - 3 q) 

Ap dung BDT Cauchy-Schwarz, ta co 


v y/oP 1 + abc 1 ^ cl 1 f \ a H- c\ 

2-.(b + c)(b + a)\ ~ [Z^(a + b)(b + c)\ {j^bTc) 

E ab ( ,\ 

■■m _(f*tE±£ | 

:)(c + a) \j£b + cJ 


£> 2 + J2 ab 


(a + b)(b + c)( 


& v _ 1 \ ^ b i > 1 (cl -{- b T c) 2 

SE+ c b + c 2^ h -u r — 2-^ h 


-'b + c A-'b + c A-'b + c ^b + c J2 a2 + J2 ab 


Nen ta can chung minh 


Y,a 2 + J>6 


(a + b)(b + c)(c + a) 


y _2_ 1 _ 

2^b + c J2 a2 + J2 ab 


>±^L( l±i-±)<i 

q-r \q-r 1 -q) 4 r 


Su dung bo de, ta co 


4(1 - g 2 ) 


*» 2(2—3g) 

Vay ta co dpcm. Dang thuc xay ra khi va chi khi a = b = c = g. 


_g_ o g(l ~ 3g)(5 - 7 q) 

(l-g)(4-7g + g 2 ) “ 


Nhan xet 1 Vai bai toan nay, chung tdi co 2 cau hoi thu vi xin ddnh cho cac ban 

1. Chung minh bo de ma chung tdi da neu d tren. 

2. Hay chi ra con duomg de tim bo de nay. 


□ 
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3.2 PhifOng phap ddi biSn p, q, r 


3 CAC VI DU MINH HQ A 


Vi du 15 Cho cac so thuc duomg a, b, c thoa man a + b + c = 1. Chung minh rang 

A h> — 

81 (ab + bc + ca) a 27" 


LcJi GiAi. Ap dung bat dang thuc Schur, ta co 


p(Aq - p 2 ) _ 4g- 1 


(Vo Thanh Van) 


Bat dang thuc can chung minh tuong duong voi 


Su dung bat dang thuc Schur, ta can chung minh 

4 Aq — 1 5 

81<7 + 9 - 27 

4 Aq ^ 8 

-h — > — 

81g 9 “ 27 

Bat dang thuc tren hien nhien dung theo bat dang thuc AM-GM nen ta co dpcm. Bang thuc xay ra khi va chi 
khi a = b = c = □ 

Vi du 16 Cho cac so khong dm a, b, c thoa man ab + bc + ca — 1. Chung minh rang 
ab+l bc+1 ca +1 


(Nguyen Manh Dung) 


LcJi GiAi. Ta co 


ab+l bc+1 ca + 1 ^ ^ 
a + b + b + c + c + a ~ 

^(a6+ l)(c + a)(c+ 6) > 3(a + b)(b + c)(c + a) 

eye 

^2(ab + l)(c 2 + 1) > 3[(a + b + c)(ab + bc + ca) — abc) 

eye 

+> (a 2 +b 2 +c 2 ) + ab +be + ca + abc(a + b + c) + 3 + 3o6c > 3(a + b + c) 
(u + b + c) 2 + abc(a - l - h - l - c - l - 3) - l - 2^ 3 (a + b + c) 

Bat p = a + b + c, q = ab + be + ca = 1, r = abc. Bat dang thuc can chung minh trd thanh 
p 2 + r(p + 3) — 3p + 2 > 0 
+r(p- 1 )(p - 2) + r(p + 3) > 0 

Neu p > 2 thi bat dang thuc hien nhien dung. 

Neu 2 > p > s/3, ap dung bat dang thuc Schur, ta co 
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3.2 Phvtdng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


4 p-p 3 


Ta can chung minh 


p 2 - 3p + 2 + (p + 3) 


4 p — p 3 


> 0 


p 4 + 3p 6 - Yip 2 + 15p - 18 < 0 
«=> (p — 2){p 3 + 5 p 2 — 3p + 9) < 0 
Bat dang thuc cuoi hien nhien dung vi p < 2 va 

( 3\ 2 27 

P~ 2 ) + ^ > 0 

Ta co dpcm. Bang thuc xay ra khi va chi khi a = b = l,c = 0 hoac cac hoan vi 
Vi du 17 Cho cac so ducmg a, b, c thoa man abc = 1. Chung minh rang 


(Vietnam MO 2006, B) 

Lcii giai. Bat x = \-y = l,z = i, ta co xyz = 1, dong thoi doi bien thanh p, q, r, ta co bat dang thuc trd 
thanh □ 


p 2 — 2q + 3 > 2q 
4g - p 2 < 3 

Ma bat dang thuc tren dung theo bat dang thuc Schur nen ta co dpcm. Bang thuc xay ra khi va chi khi 
a = b = c = 1. 

Vi du 18 Cho cac so khong dm a, b , c, khong co 2 so nao dong thoi bang 0. Chung minh rang voi moi k > 1, 
+ + 2 Vk + 1 . 


b + c c + a a + b 


a 3 + b 3 + c 3 


(Pham Sinh Tan) 

Lc)i giAi. Boi bien bat dang thuc theo p, q, r va chuan hoa cho p = 1. Ta can chung minh bat dang thuc 
1 — 2q + 3r 


Vk- -—— > 2\/fc+l 

1 - 3q + 3r “ 


Ta co 


l-2q + 3r q _ l-3q + 3r q 

q-r l-3q + 3r q-r l-3q + 3r 

> 1 -» + 3, ' + t » +l>2Vk + l. 

q 1 — 3q + 3r 

Bang thuc xay ra khi (a, b, c) = ^ y/k+2Vk-3+Vk+i ^ ^ hoac c £ c h 0 an v j tuong ung. 

Mot so bai tap tuong tu 
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3.2 PhitOng phap ddi biin p, q, r 


3 CAC VI DU MINH HO A 


Bai toan 3 Cho 


Bai toan 4 Cho 


6 khong am a, b, c. Chung minh rang v&i moi k > 1, ta luon co 


b + c 


. ^ 

c + a 


c (a + b)(b + c)(c + a) 
a + b a 3 + b 3 + c 3 


> 2sfk +1. 


(Pham Sinh Tan) 

so khong am a , b, c, khong co 2 so nao dong thdi bang 0. Chung minh rang 
a b c 9 (ab + be + ca ) 

b + c + c+a + a + b+ a 2 + b 2 + c 2 — 


(Pham Sinh Tan) 


Vi du 19 Cho cac so khong dm a, b, c, khong co 2 so nao dong thdi bang 0. Chung minh rang 


(a + b)(b + c)(c+ a) 


(Duemg Due Lam) 


r =M- „ = Jfc * = A 


xy + yz + zx + xyz = 4 

Bat dang thuc tra thanh 

x 2 + y 2 + z 2 + hxyz > 8 

Dua bat dang thuc ve dang p, q, r, tu gia thiet, ta co q + r = 4 va bat dang thuc trb thanh 
p 2 — 2q + 5r > 8 
^ p 2 - 7q + 12 > 0 

N4u 4 > p, sir dungbat dang thuc Schur, ta co 

> p{M~p 2 ) 

V ~ 9 


=>4>q + 

oq<- 

> p 2 — 7q + 12 > p 2 — 


P(4q ~ P 2 ) 


p 3 + 36 
4p + 9 

7{p 3 + 36) 
4p + 9 


Nen ta chi can chung minh dugc 


7 ^ ± 36) +12>0 
4p + 9 

<b> (p — 3)(p 2 — 16) < 0 


Bieu nay dung vi 4 > p > y/3q > 3. 
Neu p > 4, ta co p 2 > 16 > 4 q nen 


p 2 — 2q + 5r > p 2 — 2q > > 8 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi x = y = z = 1 hoac 
hoan vi tuong ung. 


y = 2, z = 0 hoac cac 

□ 
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3.2 PhifOng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


Vi du 20 Cho cac so khong am a , b, c thoa man a + b + c = 3. Chung minh rang 
1 1 1 3 

6 — ab 6 — 6c + 6 — ca ~ 5' 

Ldi giAi. Chuyen doi bat dang thuc ve nhu sau 

108 - 48 q + 13 pr - 3r 2 > 0 


(Vasile Cirtoaje) 


<£=> 4(9 — 4 q + 3 r) + r( 1 — r) > 0 


Ta thay bat dang thuc tren dung do 


va theo bat dang thuc Schur thi 


Vay bat dang thuc dupe chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1 hoac a = 0, b = c = | hoac cac hoan vi tuong ling. 
Vi du 21 Cho cac so khong dm a, b, c, khong co 2 so nao dong thai bang 0. Chung minh rang 
a 2 (b + c ) b 2 (c + a ) c 2 (a + 6). 


(Darij Grinberg) 


Ldi giAi. Ap dung bat dang thuc Cauchy-Schwarz, ta can chung minh 

[^« 2 (6 + c) 2 j > fe a ) fc a2 ( 6 + c )( 62 + c2 )l 

L eye J \ eye ) L eye J 

Doi bien theo p. q, r, khi do bat dang thuc viet thanh 

r(2p 3 + 9 r — 7 pq) > 0 

Ap dung BDT Schur, ta co p 3 + 9r > Apq va bat dang thuc quen thuoc p 2 — 3q > 0, ta co dpem. Dang thuc 
xay ra khi va chi khi a = b = c hoac a = b, c = 0. □ 

Vi du 22 Cho cac so khong dm a , b, c thoa man a + b + c = 1. Chung minh rang 
5(a 2 + 6 2 +c2) < 6(a 3 + 6 3 +c 3 ) + 1 

Lc)i giAi. Doi bien ve p. q, r, ta can chung minh 

5 — 10q < 6(1 - 3q + 3r) + 1 


18r — 8q + 2 > 0 

Mac khac, bat dang thuc tren dung theo bat dang thuc Schur nen ta co dpem. □ 

Va mot vi du dien hinh cho phuong phap nay la bat dang thuc Iran 1996 
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3.2 Phvtctng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


Vi du 23 Cho cac so khong dm x, y, z, khong co 2 so nao dong thoi bang 0. Chung minh rang 

(xv+yz + + dh? + -i 

(Iran MO 1996, Ji Chen) 

LcJi giai. Sir dung phuong phap doi bien p, q. r, ta chuyen bat dang thuc ve dang nhu sau 

r (p 2 +g) 2 —4p(pg-r) l > 9 
q [ ( P9~r ) 2 J “ 4 

Bien doi tuong duong, nit gon, ta can chung minh 

4 p 4 q — 17 p 2 q 2 + 4 q 3 + 3Apqr — 9 r 2 > 0 
pq(p 3 — Apqr + 9r) + q(p 4 — bp^q + 4 q 2 + 6 pr) + r(pq — 9r) > 0 
Bat dang thuc cuoi dung nen ta co dpcm. Bang thuc xay ra khi va chi khi x = y = z hoac x = y,z = 0 hoac 
cac hoan vi tuong ung. □ 

Qua cac vi du tren, co le cac ban ciing da duoc hinh dung it nhieu ve bat dang thuc Schur va nhung ung dung 
cua no trong phuong phap doi bien p, q, r. Be ket thuc bai viet nay, mdi cac ban cung giai mot so bai tap sau 

Bai toan 5 Cho cac so khong dm a, b, c thoa man a 3 + 6 3 + c 3 = 3. Chung minh rang 
a 4 b 4 + b 4 c 4 + c 4 a 4 < 3. 


(Darij Grinberg) 


(Vasile Cirtoaje) 


Bai toan 6 Cho cac so khong dm a , b, c. Chung minh rang 

a 2 + b 2 + c 2 + 2 abc + 1 > 2(ab + bc+ ca). 

Bai toan 7 Cho cac so khong dm a , b, c thoa man a? + b 2 + c 2 = 3. Chung minh rang 
12 + 9 abc > 7(ab + bc + ca). 

Bai toan 8 Cho cac so duomg a, b, c thoa man abc = 1. Chung minh rang 
1 1 1 
a 2 — a+l~*~6 2 — 6+l"*"c 2 — c+l — 

(Vu Dinh Quy) 

Bai toan 9 Cho cac so thuc a, b, c thoa man a 2 + b 2 + c 2 = 9. Chung minh rang 
2 (a + b + c) — abc < 10. 

(Vietnam MO 2002, Tran Nam Dung) 

Bai toan 10 Cho cac so duomg a, b, c thoa man abc = 1. Chung minh rang 

3 6 


1 + 


a + b + c ab + be + a 


(Vasile Cirtoaje) 
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3.2 PhitOng phap ddi biSn p, q, r 


3 CAC VI DU MINH HO A 


Bai toan 11 Cho cac so duomg a , b, c thoa man abc = 1. Chung minh rang 

2(a 2 +b 2 + (?) + 12 > 3(a + b + c) + 3 (ab + bc+ ca ) 


(Balkan MO) 

Bai toan 12 Cho cac so khong am a, b, c, khong co 2 so nao dong thai bang 0. Chung minh rang vai moi 
k>3,ta 

1 ^ 1 1 k > 2y/k 4-1 

a + b b + c c + a a + b + c ~ y/ab + bc + ca 

(Pham Kim Hung) 

Bai toan 13 Cho cac so khong am a, b, c thoa man ab + bc + ca + babe = 9. Chung minh rang 
a + b + c + 3abc > 6. 


(Le Trung Kien, Vo Quoc Ba Can) 

Bai toan 14 Cho cac so khong am x, y, z, khong co 2 so nao dong thai bang 0. Tim hang so a nhd nhat de 
bat dang thuc sau dung 


+ y + z^ a ^xy + yz + zx^ 2 > (x + y)(y + z)(z + x) 

(Ivan Borsenco, Irurie Boreico) 

Bai toan 15 Cho cac so duomg a, b, c thoa man abc = 1. Chung minh rang 

a + 6 + c io la 3 +b 3 + c 3 
3 “ V 3 ' 


Bai toan 16 Cho 


so khong dm a, b, c thoa man a + b + c = 1. Chung minh rang 


1 1 
a+6 + b+c 


1 



2 abc > 


247 

~ 54 ' 


Bai toan 17 Cho a,b,c e [1,2]. Chung minh rang 

a 2 (b + c) +b 2 (c + a) + c?(a + b) < 7 abc. 


Bai toan 18 Cho 


so khong dm a, b, c thoa man a + b + c = 3. Chung minh rang 


5 — ab 5 — be 


5 — ca 
1 + b 


> ab + bc + ca. 


(Vasile Cirtoaje) 


CHUC CAC BAN THANH CONG!!! 
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